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A particle can go through a 
superposition of both slits! 

| ۧ0

| ۧ1

| ۧ𝜑 = | ۧ0 + | ۧ1



Measuring the particle position causes
Its quantum state to collapse

| ۧ0 + | ۧ1 → | ۧ0



Good Bombs have photo-detectors
that, when seeing a photon, explodes.

We have a stockpile of Single-Photon 
activated bombs – but some of them 
are duds.

Bad bombs do not interact with
photons



We have a stockpile of Single-Photon 
activated bombs – but some of them 
are duds.

How do we make sure every bomb works 
without blowing all of them in the process?   



Interference forces photon emerge 
from lower path

Photons cannot emerge on the top 
path due to destructive interference



A Dud will not affect this interference.

Detector here sees 
nothing



A real bomb can detect photons, and thus destroys the interference pattern.

50% chance of detecting 
photon



Detecting a photon here will allow us 
to verify a Bomb works, without 
activating the bomb!

Seeing without Looking: This interference pattern is still destroyed, even when the Bomb
never interacts with the photon! (experimentally verified 1994)



“Everything we call real is made of things that 
cannot be regarded as real. If quantum 
mechanics hasn’t profoundly shocked you, you 
haven’t understood it yet.”

- Niels Bohr 

Quantum theory is not locally realistic

A system can exist in a superposition of different configurations.



- Niels Bohr 

“Everything we call real is made of things that 
cannot be regarded as real. If quantum 
mechanics hasn’t profoundly shocked you, you 
haven’t understood it yet.”

Schrodinger’s Cat | ۧ𝑫𝒆𝒂𝒅 + | ۧ𝑨𝒍𝒊𝒗𝒆



“God does not play dice with 
the universe.”

“I don’t like it, and I’m sorry I had anything to 
do with it.”

- Einstein

- Schrodinger





Quantum Cryptography

Quantum Metrology

Quantum Causal Modelling

Quantum Computing



“Plurality is not to be posited without necessity.”

“We are to admit no more causes of natural 
things than such as are both true and sufficient 
to explain their appearances.”

William of Ockham

Isaac Newton
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Without any understanding, every possible 
past is a potential cause of future events.

Past FuturePast



The better we can isolate the causes of natural 
things, the greater our understanding.

Past Future
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MODEL 2

A

B

MODEL 1

A

THE MODEL THE REQUIRES THE LEAST INPUT INFORMATION IS PREFERRED.
(AS QUANTIFIED BY INFORMATION ENTROPY)



𝑿

Computable
Function 𝒇(𝑿, 𝒀)

Mathematical Model, 
Requiring C bits of Information 

Physical 
implementation
of 𝒇

Input encoded 
within physical system

Output retrieved by 
measurement

Physical Simulator
Initial Entropy C

If understanding the 
dynamics of a 
phenomena requires 
knowledge of x, then 
any system that 
simulates the 
phenomena must store 
x. 



Suppose you’re a programmer 
for the matrix

You are tasked to program an object to 
replicate a particular desired behaviour.  

What is the least amount of past 
information you need to store?



𝑿 = …𝑥−2𝑥−1 𝑥0

X = x1x2…

Task:

Find a systematic method to 
configure a system S into some 
state s for each past ര𝑥, such that its 
information entropy is minimal, 

and 𝑃(𝑋|𝑋 = ര𝑥) = 𝑃(𝑋| ര𝑆 = 𝑠)

System in State 𝒔𝒙

𝑷(𝑿, 𝑿)



Set of All Pasts

. . 0000
. . 0001

. . 0010
. . 0011

Construct a system that stores each possible 
past in a separate configuration.xsx


 

Random Processes would 
require  infinite memory!



Set of All Pasts

1x


2x


Suppose two pasts have statistically identical futures

)|()|( 21 xXXPxXXP




The information needed to 
distinguish the two is irrelevant to 
the future of the process and can 
thus be discarded.



S1

S2

S3

1x


2x


Two different possible pasts belong to 
the same group if they have coinciding 
futures.

Divide the set of all pasts into 
groups (subsets), referred to as 
Causal states.



Divide the set of all pasts into 
groups (subsets), referred to as 
Causal states.

S1

S2

S3
An Epsilon Machine stores only 
which causal state the process is in.



An Epsilon Machine stores only 

which causal state the process is 

in.

The Stochastic Process can then be 

completely defined by transition probabilities 

on the causal states. 

kj
rT ,

Probability a Stochastic process 

in Causal state Sj will emit 
output `r’ and transition to Sk 



To simulate a sequence of random coin flips….

We have a process with exactly 1 Causal State

No Information about the Past is required!

Information Content

 ii ppC log

Probability the process
is in Causal State 𝑺𝒊

Internal Entropy

(Amount of information needed 
to dtinsguish the causal states)



 ii ppC log

Probability the process
is in Causal State 𝑺𝒊

𝜀-machines are the provably
simplest classical models

C

Crutchfield, Young, Phys. Rev. Lett. 63, 105–108 (1989)

𝐶𝜇 Is a intrinsic property 

of a stochastic process 
that is a signature of 
complexity and structure.

Internal Entropy

(Amount of information needed 
to communicate the causal state)



Applied to wide range of systems.Neural Networks Ising Models

Dripping Faucets

Pseudo-random
Number generators.

𝜀-machines are the provably
simplest classical models

C

Crutchfield, Young, Phys. Rev. Lett. 63, 105–108 (1989)

𝐶𝜇 Is a intrinsic property 

of a stochastic process 
that is a signature of 
complexity and structure.



LOW COMPLEXITY LOW COMPLEXITY

PENDULUM
IDEAL GAS

ORDERED RANDOM

HIGH COMPLEXITY!

PENDULUMS IDEAL GASES



LOW COMPLEXITY HIGH COMPLEXITY LOW COMPLEXITY

Statistical 
Complexity = 0
for random sequence.

STATISTICAL

COMPLEXITY = 0
FOR UNIFORM PROCESS



)(XS


)(XS


E = I(X, X) 

),( XXP


Amount of information past contains about the 
future (mutual information between past and 
future)



X


X


E = I(X, X) 

J. Crutchfield,  C. Ellison, and J. Mahoney, ‘Time’s Barbed Arrow: Irreversibility, 
Crypticity, and Stored Information’ Phys. Rev. Lett 103, 094101, (2009) 

EC 

The optimal model generally require
Input of entropy 𝐶𝜇 > 𝐸!

Amount of information past contains about the 
future.



Flips with
probability q

Output:
State of Coin

Repeat



P(X|     ) P(X|     )

We cannot discard information about the state of the coin. 

Set of all pasts



Set of all pasts

Optimal classical system for generating P(X, X)
has information entropy of 1, for any q ≠ 0.5

But as q→ 0.5, the process tends towards a completely random sequence!



…01110101111

This model still stores unnecessary information!



Classical Model

Quantum
Model





A quantum model can perform
superposition of both!



| ۧ0

| ۧ1

𝑍

𝑋

ENTROPY = 0
(CERTAINTY)

ENTROPY = 0
(CERTAINTY)



| ۧ0

| ۧ1

𝑍

𝑋

ENTROPY = 1

𝑝0 = 0.5 𝑝1 = 0.5

ENTROPY = 0
(CERTAINTY)

ENTROPY = 0
(CERTAINTY)



| ۧ0

| ۧ1

𝑍

𝑋

ENTROPY = 0

ENTROPY = 0

ENTROPY = 0

ENTROPY = 1

𝑝0 𝑝1

ENTROPY = −𝑝0 log 𝑝0 −𝑝1 log 𝑝1

𝑝1 → 0

𝑝1 → 1



| ۧ0

| ۧ1

𝑍

𝑋

ENTROPY = 0

ENTROPY = 0

ZERO ENTROPY

𝑝0 𝑝1

ENTROPY = −𝑝0 log 𝑝0 −𝑝1 log 𝑝1

𝑝1 → 0

𝑝1 → 1

ENTROPY = 0

ENTROPY = 1



| ۧ0

| ۧ1

𝑍

𝑋
| ۧ− =

1

2
(| ۧ0 - ۧ1

| ۧ+ =
1

2
(| ۧ0 + ۧ1

𝑁𝑂𝑇

𝑁𝑂𝑇



𝑍

𝑋

ANY POINT ON SURFACE OF

SPHERE IS A QUANTUM STATE

WITH ZERO ENTROPY. 



𝑍

𝑋

ANY TWO STATES ON OPPOSITE

POINTS OF THE SPHERE CAN BE

PERFECTLY DISTINGUISHED

FROM EACH OTHER.

STORING AN EQUAL MIX OF

THESE STATES ALLOWS A CODE

THAT STORES 1 BIT OF

INFORMATION

| ۧ𝜙 = 𝑎| ۧ0 + b| ۧ1

| ۧ𝜓 = -b| ۧ0 + a| ۧ1

𝜙 𝜓 = 0



𝑍

𝑋

ENTROPY < 1

P = 0.5P = 0.5

ANY OTHER PAIR OF STATES

CANNOT BE PERFECTLY

DISTINGUISHED.

STORING THIS INFORMATION

REQUIRES LESS THAN 1 UNIT

OF ENTROPY!

ത0 ത1 > 0

| ۧത0 = 𝑎| ۧ0 + b| ۧ1

| ۧത1 = 𝑏| ۧ0 +𝑎| ۧ1



𝑍

𝑋

ENTROPY << 1

P = 0.5P = 0.5

THE LESS WE NEED TO

DISTINGUISH TWO STATES,
THE LESS MEMORY REQUIRED

TO STORE THEM.

ത0 ത1 → 1



S3

S1

S2

Classical models must allocate 
enough storage to distinguish every 
causal state

Quantum systems can exploit the lack of 
reality to distinguish causal states only 
to the degree that they affect the future.



C

E = I(X, X) 

M.Gu, K.Wiesner, E.Rieper, V.Vedral, Nature Communications, 3, 762

Provided the best classical model for a 
stochastic process stores some unnecessary 
information,  there exists a simpler quantum 
model



…01110101111

This model still stores unnecessary information!



𝑋

ENTROPY < 1

𝑍

STORING THIS INFORMATION

REQUIRES LESS THAN 1 UNIT

OF ENTROPY!

Encode as | ۧത0 = 𝑞| ۧ0 + 1 − 𝑞 ۧ|1

Encode as | ۧത1 = 1 − 𝑞| ۧ0 + 𝑞 ۧ|1



𝑋

𝑍

Encode as | ۧത0 = 𝑞| ۧ0 + 1 − 𝑞 ۧ|1

Encode as | ۧത1 = 1 − 𝑞| ۧ0 + 𝑞 ۧ|1

𝑞 → 0.5
As 𝑞 → 0.5, the quantum 
model takes asymptotically 
no memory.

𝑞 → 0.5



Encode as | ۧത0 = 𝑞| ۧ0 + 1 − 𝑞 ۧ|1

Encode as | ۧത1 = 1 − 𝑞| ۧ0 + 𝑞 ۧ|1

X

𝑥𝑗+1
| ൿ෨0

| ൿ𝑆(𝑘+1)| ൿ𝑆(𝑘)

| ൿ෨0

Memory of Simulator < 1 at all times

Blank Tape 𝑋𝑘



M. Palsson

H. Wiseman G. Pryde

J. Ho

Science Advances
03 Feb 2017: Vol. 3, no. 2, e1601302



Science Advances
03 Feb 2017: Vol. 3, no. 2, e1601302

QUANTUM

CLASSICAL



QUANTUM

INFORMATION COMPLEXITY

SCIENCE

WHAT APPEARS COMPLEX CAN DEPEND FUNDAMENTALLY ON

WHAT SORT OF INFORMATION THEORY WE USE!



COMPLEXITY OF A SPIN CHAIN

TEMPERATURE

C
O

M
P

LE
X

IT
Y

Suen, Whei Yeap, et al. "The classical-quantum divergence of complexity in the Ising spin 
chain." arXiv:1511.05738 (2015).

QUANTUM COMPLEXITY

CLASSICAL

COMPLEXITY

EXCESS ENTROPY



Aghamohammadi, C., Mahoney, J. R., & Crutchfield, J. P.  The Ambiguity of Simplicity. 
arXiv:1602.08646.



BOUNDED

QUANTUM

COMPLEXITY

GROWING

CLASSICAL

COMPLEXITY

‘Unbounded memory advantage of Stochastic Simulation’, arXiv:1609.04408

𝑿𝒕

𝑿𝒕+𝟏 = 𝑿𝒕 + 𝒀



MAXWELL’S DEMON

Andrew J. P. Garner, Jayne Thompson, Vlatko Vedral, and Mile Gu The thermodynamics of 
complexity and pattern manipulation, arXiv:1510.00010



INPUT 𝑋𝑡

OUTPUT 𝑌𝑡
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